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We consider the vacuum energy of massive quantum fields in an expanding universe. We define
a conserved renormalized energy-momentum tensor by means of a comoving cutoff regularization.
Using exact solutions for de Sitter space-time, we show that in a certain range of mass and renor-
malization scales there is a contribution to the vacuum energy density that scales as nonrelativistic
matter and that such a contribution becomes dominant at late times. By means of the WKB ap-
proximation, we find that these results can be extended to arbitrary Robertson-Walker geometries.
We study the range of parameters in which the vacuum energy density would be compatible with
current limits on dark matter abundance. Finally, by calculating the vacuum energy in a perturbed
Robertson-Walker background, we obtain the speed of sound of density perturbations and show that
the vacuum energy density contrast can grow on sub-Hubble scales as in standard cold dark matter
scenarios.
I. INTRODUCTION
Since the discovery of the accelerated expansion of the
Universe [1], we have learned that most of the Universe
content is a kind of cosmic fluid with negative pressure
known as dark energy. Furthermore, even the dominant
contribution to the matter content is to a high degree
unknown, being described by a weakly interacting com-
ponent which has received the name of dark matter. This
present knowledge about the composition of the Universe
has been possible thanks to precise measurements includ-
ing for instance CMB temperature power spectrum [2],
large-scale structures correlation functions (BAOs [3]) or
high-redshift type Ia supernovae [1]. To the best knowl-
edge of the authors a theoretical explanation of the values
or even the presence of these dark components is absent.
Considering the simplest model of dark energy, i.e. a
cosmological constant, it is believed that this term has
classical and quantum contributions [4–7]. The classi-
cal one may just be taken as a parameter of the the-
ory since the most general form of the General Relativity
equations may include this contribution without breaking
any of the fundamental assumptions of the theory such
as general covariance or energy-momentum conservation
[8–10]. On the other hand, the quantum contribution
is expected from quantum field theory grounds. How-
ever, as it is widely known, the theoretical predictions of
its value and the measured one differ in many orders of
magnitude. This difference may be compensated by the
classical contribution leaving us with the observed value.
The fine tuning necessary for this to happen is one of
the drawbacks that have brought us to the cosmological
constant problem.
However, many of the standard arguments about the
contribution of the zero-point quantum fluctuations to
the cosmological constant are based on calculations per-
formed in flat space-time, in which the vacuum state is as-
sumed to respect the Lorentz invariance of the Minkowski
space-time. In fact, when taking into account that the
actual geometry of the Universe is not Minkowskian and
moving to a Robertson-Walker background, new con-
tributions to the vacuum energy-momentum tensor ap-
pear [11] and new aspects of the problem are revealed
which were not apparent in the flat space-time calcula-
tions [12, 13].
One of the major problems in calculating the vacuum
energy density is the divergent integral over the Fourier
modes appearing in the canonical quantization proce-
dure. Several methods have been proposed in the litera-
ture in order to obtain finite renormalized results. Thus
in general, the physical renormalized vacuum expecta-
tion value of the energy-momentum tensor 〈0|Tµν |0〉ren is
obtained from the divergent bare quantities by subtract-
ing the regularized divergences by means of appropriate
counterterms, i.e
〈0|Tµν |0〉ren = 〈0|Tµν |0〉bare + 〈0|Tµν |0〉count . (1)
Different schemes have been proposed to obtain the reg-
ularized bare quantities. For instance, in flat space-time
one of the simplest possibilities is to use a cutoff on the
three-momentum of the modes ΛP . However, it has been
argued [14, 15] that the maximum value of the three-
momentum is not a Lorentz invariant quantity and there-
fore, the regularized bare contributions break the Lorentz
symmetry of Minkowski space-time. Indeed, in the case
of a real minimally coupled scalar field, the regularized
bare quantities read
〈0|T µν |0〉bare = diag(ρbare,−pbare,−pbare,−pbare) (2)
with the leading contributions
ρbare =
1
16π2
(
Λ4P +m
2Λ2P −m4 ln
(
ΛP
µ
))
(3)
pbare =
1
16π2
(
Λ4P
3
− m
2Λ2P
3
+m4 ln
(
ΛP
µ
))
(4)
i.e. in 〈0|Tµν |0〉bare only the logarithmic term would be
proportional to ηµν .
This problem is avoided in other regularization
schemes, such as dimensional regularization, which pre-
serve the underlying symmetries of the theory. Dimen-
sional regularization has been carried out in flat space-
time [14] yielding a cosmological constant contribution
with pbare = −ρbare, where again for scalar fields of
mass m
ρbare = − m
4
64π2
(
2
ǫ
+
3
2
− γ − ln
(
m2
4πµ2
))
(5)
with D = 4 − ǫ the space-time dimension, γ the Euler-
Mascheroni constant and µ the renormalization scale. In
curved space-time, it can be seen that the vacuum expec-
tation value of the energy-momentum tensor is no longer
a simple cosmological constant term, but in general is
a nonlocal functional of the metric tensor. The calcula-
tion of the divergent local part in dimensional regulariza-
tion shows that there is a contribution that behaves as a
cosmological constant together with other local and con-
served tensors which depend on the curvatures. Exact
results including also the finite contributions have been
obtained only for conformally trivial systems [11].
Notice, however, that strictly speaking the problem
we mentioned with the cutoff regularization would not
be present in a Robertson-Walker cosmological back-
ground, since in this case Lorentz invariance is not a
symmetry of the background metric. As a matter of
fact, in a Robertson-Walker background there is a spe-
cial frame of reference (that at rest with the CMB) which
is most suitable for calculations. In this case, a three-
dimensional momentum cutoff defined over the homoge-
neous and isotropic spatial sections may have a more sat-
isfying interpretation, since it respects the symmetries of
the background geometry.
Accordingly, several recent works have focused on the
possibility of using different kinds of cutoff regulariza-
tions in Robertson-Walker backgrounds. Thus in [16] a
cutoff scale was used in the context of supersymmetric
models, and in [17] a covariant cutoff scheme was pro-
posed in general curved space-times. On the other hand,
one may use a cutoff to perform the integration and con-
sider different renormalization prescriptions according to
the counterterms included. Thus for instance, in [12]
the vacuum energy density obtained in a flat space-time
is subtracted in a similar process to the definition of
the Arnowitt-Deser-Misner mass on asymptotically flat
space-times.
Notice that in general, different renormalization
schemes may provide different renormalized expressions.
On general grounds [12] quantum field theory makes no
prediction about the actual value of 〈0|Tµν |0〉ren, just in
the same way as it does not predict the physical (renor-
malized) value of the electron charge or mass, but these
quantities can only be obtained from experimental mea-
surements. Despite the fact that the physical value of
the vacuum energy can only be determined from obser-
vations, there are, however, several conditions that from
a purely phenomenological point of view (and neglect-
ing possible fine-tuned cancellations with other contribu-
tions) a physical renormalized energy-momentum tensor
should satisfy
• 〈0|Tµν |0〉ren should be covariant and conserved.
Notice that in a curved space-time a covariant ex-
pectation value of the energy-momentum tensor
can involve not only the metric tensor but also
other tensors such as curvatures or any other ob-
ject which transforms covariantly under diffeomor-
phisms [11]. On the other hand, regarding con-
servation, in general, if nongravitational interac-
tions of the scalar field are taken into account, then
vacuum energy could be coupled to other compo-
nents and the conservation should be required for
the total energy-momentum tensor. In any case, in
this work we limit ourselves to the simplest non-
interacting case and therefore the vacuum energy-
momentum tensor should be independently con-
served.
• ρren <∼ ρc, i.e. in order to have phenomenologically
viable contributions, the vacuum energy should be
smaller than the dominant component of the Uni-
verse at early times. Only at late times, and if we
assume vacuum energy to play a role in the dark
matter or dark energy problems, its value could be
comparable to the critical density ρc = 3H
2/8πG.
In this work we will explore the possibility of con-
structing the renormalized vacuum energy momentum by
means of a comoving three-momentum cutoff. Unlike pre-
vious works which focused on physical cutoff scales, the
use of this kind of regularization provides covariant ex-
pressions for the regularized integrals and also guarantees
that the bare energy-momentum tensor is conserved. Ac-
cordingly, we do not need to include noncovariant coun-
terterms in order to render the final results covariant.
This can easily be seen in the following example. Let us
consider the cutoff regularized bare energy-momentum
tensor for minimally coupled massless scalar fields in a
Robertson-Walker background [12, 18, 19]. In this case
ρbare =
Λ4P
16π2
+
H2(t)Λ2P
16π2
+O(H4 ln ΛP ) (6)
pbare =
Λ4P
48π2
+ c1
H2(t)Λ2P
16π2
+O(H4 ln ΛP ) (7)
where c1 = −1/3, 1, 2/3 in the de Sitter, radiation and
matter eras respectively. Here ΛP is a constant physi-
cal momentum cutoff. Notice that indeed the use of the
physical cutoff prevents the bare energy-momentum ten-
sor from being conserved. This is clearly seen for example
from the dominant quartic terms whose effective equa-
tion of state would be pbare =
1
3ρbare, i.e. corresponding
to radiation, but, however, they do not scale with a(t).
As shown in [12] this is not a problem, since the bare
quantities are not observable and by adding appropriate
(noncovariant) counterterms it would always be possi-
ble to render the renormalized energy-momentum tensor
conserved, provided ρren = −pren.
2
However, if we consider instead a constant comoving
cutoff Λc, the above results read
ρbare =
Λ4c
16π2a4
+
H2(t)Λ2c
16π2a2
+O(H4 ln Λc) (8)
pbare =
Λ4c
48π2a4
+ c1
H2(t)Λ2c
16π2a2
+O(H4 ln Λc) (9)
which yield a conserved bare energy-momentum tensor
as expected according to our previous discussion. In-
deed, notice that now the leading quartic term scales as
expected according to its equation of state, i.e. as radia-
tion, and the same is true for the rest of terms.
Since each of the divergent contributions (quartic,
quadratic or logarithmic) is conserved independently, it
would be possible in principle to add different conserved
counterterms for each of them. In the simplest possibility,
the counterterms are just given by the same expressions
(8) and (9) but in which the modes have been integrated
from some constant comoving renormalization scale ΛR
up to the ultraviolet cutoff Λc, i.e. just subtracting the
contributions of the modes in the range [ΛR,Λc]. Then in
this case the physical interpretation of the renormalized
quantities is straightforward, since only the modes in the
unsubtracted range [0,ΛR] will contribute. Thus, we can
simply write
ρren =
Λ4R
16π2a4
+
H2(t)Λ2R
16π2a2
+O(H4 ln ΛR) (10)
pren =
Λ4R
48π2a4
+ c1
H2(t)Λ2R
16π2a2
+O(H4 ln ΛR) . (11)
Notice that ΛR is understood as a limit on the fre-
quency of the Fourier modes which actually contribute
to the vacuum energy and in general can be different
from the standard quantum field theory UV cutoff which
sets the range of validity of the theory. Thus for in-
stance in [20, 21] ΛR is obtained by demanding that no
state in the Hilbert space can have an energy such that
the corresponding Schwarzschild radius exceeds the Hub-
ble (or the event) horizon, i.e. modes which would have
collapsed in a black hole are excluded in the computa-
tion of the vacuum energy. This is a generic prediction
of so called holographic [22] but also of nonholographic
[23] entropy bounds on the number of physical quantum
states for any gravitating system. These models gener-
ically predict ΛR much smaller than the quantum field
theory cutoff, thus alleviating the cosmological constant
problem. In this work, however, we will not assume any
particular scenario for the determination of ΛR, instead
we will adopt a phenomenological point of view leaving
it as a free parameter to be fixed by observations.
When trying to extend the renormalization procedure
we have just described to the case of massive fields, an ad-
ditional scale m appears in the problem which opens up
different regimes for the vacuum energy behavior. Thus,
in the case in which the comoving mass is larger than the
renormalization scale, i.e. m2a2 > Λ2R, we will show that
the effective equation of state of vacuum energy is that
of nonrelativistic matter. In order to obtain this kind of
results, it will be necessary to determine the behavior of
the integrals not only in the high-momenta (UV) regime,
as is usually considered in the literature, but also for low
momenta (IR). We will show that the dark matter behav-
ior of vacuum energy also holds at the level of perturba-
tions, thus opening up the quite unexpected possibility
for the vacuum energy to form large scale structures.
The paper is organized as follows: in Sec. II we intro-
duce the basic expressions for the quantization of scalar
fields in a Robertson-Walker background. In Sec. III we
particularize to de Sitter space-times and obtain exact
expressions for both massless and massive fields. In Sec.
IV we consider asymptotic expressions in the UV limit,
and in Sec. V the results in the IR are discussed in more
detail. Section VI is devoted to the generalization to
arbitrary Robertson-Walker geometries, and in Sec. VII
we calculate the vacuum energy-momentum tensor on a
perturbed Robertson-Walker background and obtain the
general expression for the evolution of the density con-
trast of the vacuum energy. Section VIII contains the
main conclusions of the work.
II. SCALAR FIELDS IN ROBERTSON-WALKER
BACKGROUNDS
Let us consider a scalar field φ with mass
m in a spatially flat Robertson-Walker background
ds2 = a2(η)(dη2 − dx2). The corresponding Klein-
Gordon equation reads
φ+m2 φ = 0 . (12)
Thus, the field φ(x, η) can be Fourier expanded as
φ(x, η) =
∫
d3k
(
ak φk(η) e
ikx + a†k φ
∗
k(η) e
−ikx
)
.(13)
The scalar field can be quantized by letting ak and a
†
k be
operators which satisfy the usual commutation relations
[ap, a
†
q] = δ
(3)(p− q) . (14)
Introducing ψk by
φk =
ψk
a
, (15)
Eq. (12) can be recast as
ψ′′k +
(
k2 − a
′′
a
+m2a2
)
ψk = 0 . (16)
It can be shown [18, 19] that the mean value of the off-
diagonal elements of the energy-momentum tensor for
the vacuum state |0〉 of a scalar field are zero as ex-
pected from symmetry considerations while the diagonal
elements, i.e. the energy density and pressure, are
ρ = 〈0|T 00|0〉 =
∫
d3k
2a2
(|φ′k|2 + k2|φk|2 +m2a2|φk|2)
(17)
3
p = −〈0|T ii|0〉 =
∫
d3k
2a2
(
|φ′k|2 −
k2
3
|φk|2 −m2a2|φk|2
)
.
(18)
Therefore according to the discussion in the Introduction,
for the renormalized quantities we will consider
ρren =
2π
a2
∫ ΛR
0
dk k2
(|φ′k|2 + k2|φk|2 +m2a2|φk|2)
(19)
pren =
2π
a2
∫ ΛR
0
dk k2
(
|φ′k|2 −
k2
3
|φk|2 −m2a2|φk|2
)
.
(20)
We shall be interested in the equation of state satisfied
by the energy density and pressure of the vacuum state
of a scalar field w = pren/ρren. From Eqs. (19) and (20)
it is seen that if the kinetic term of the field, the gradient
term or the mass term dominates one gets for w the val-
ues 1, −1/3 or −1 respectively. Furthermore, if the mass
term is negligible with the kinetic and gradient terms of
the same order of magnitude (as it happens for instance
in UV regime k → ∞) then w = 1/3, i.e we get a radia-
tion behavior. Finally, if the kinetic and mass terms are
of the same order of magnitude, with the gradient term
negligible, one expects w = 0. Hence, for a massive field
we expect a matter contribution to the vacuum energy
density of the field in the IR region. We shall perform
numerical calculations to test these qualitative consider-
ations using exact analytical expressions derived in the
next section.
III. EXACT SOLUTIONS IN DE SITTER
SPACE-TIME
In this particular case the scale factor reads
a(η) = − 1
Hη
(21)
with H the constant Hubble parameter. The range of
the conformal time is −∞ < η < 0. The Klein-Gordon
equation (16) results in
ψ′′k +
[
k2 −
(
2− m
2
H2
)
1
η2
]
ψk = 0 . (22)
Massless scalar field
As a particular case, we briefly illustrate the calcu-
lation for a massless field. The field equation (22) for
m = 0 is
ψ′′k +
(
k2 − 2
η2
)
ψk = 0 , (23)
whose positive frequency solution is given by
ψk(η) =
1
(2π)3/2
1√
2k
(
1− i
kη
)
e−ikη (24)
where the normalization has been imposed in order to
match plane waves in the UV (ψk ∼ e−ikη/
√
(2π)32k
when −kη → ∞). Let us recall that by taking the pos-
itive frequency solution, a choice of the vacuum state is
made. The mode functions of the field (15) are
φk(η) = − 1
(2π)3/2
H√
2k
(
η − i
k
)
e−ikη . (25)
Therefore, the renormalized energy density and pressure
are
ρm=0dS,ren =
H2η2
2
∫
d3k
(|φ′k|2 + k2|φk|2) = H44π2
∫ ΛR
0
dk
(
k3η4 +
kη2
2
)
(26)
pm=0dS,ren =
H2η2
2
∫
d3k
(
|φ′k|2 −
k2
3
|φk|2
)
=
H4
4π2
∫ ΛR
0
dk
(
1
3
k3η4 − kη
2
6
)
. (27)
It is seen that the energy density has two contributions.
Since the dependence on time will remain the same after
performing the integration (thanks to the constancy of
the comoving cutoff ΛR), it is possible to state that one
of them evolves in time like radiation ∝ η4 with effec-
tive equation of state w = 1/3 and the other one ∝ η2
(or equivalently ∝ 1/a2), as in a curvature dominated
universe with w = −1/3. Notice that the scaling of the
different terms of the energy density agree with the corre-
sponding ratios p/ρ which implies that the renormalized
energy-momentum tensor is conserved. Let us recall that
the dependence of w on time and on the renormalization
4
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Figure 1. Evolution of the equation of state parameter w for mass-
less fields in terms of the conformal time η and the renormalization
cutoff ΛR (in linear-log scale). For past times or high cutoff the
dominant contribution is the radiation one, w = 1/3, and for the
symptotic future or low cutoff w = −1/3.
cutoff is through the product −ηΛR. In Fig. 1 the de-
pendence of the equation of state coefficient w on time
and the renormalization cutoff is plotted.
Massive scalar field
For the case where m 6= 0, we must deal with the
general equation (22), which may be put in the following
form [24]
ψ′′k +
(
k2 − ν
2 − 14
η2
)
ψk = 0 (28)
where
ν2 =
9
4
− m
2
H2
. (29)
Let us recall that from now on the dependence on the
mass of the scalar field will be encoded in ν. Let us define
a dimensionless parameter mH as
mH ≡ m
H
. (30)
We depict in Fig. 2 the dependence of the modulus of ν
on mH .
Equation (28) is of the Bessel type and has as a general
solution
ψk(η) =
√−η
[
c1(k)H
(1)
ν (−kη) + c2(k)H(2)ν (−kη)
]
,
(31)
where H
(i)
ν (x) are Bessel functions of the third kind also
called Hankel functions. Let us remark that this solution
is still valid when ν ∈ C, i.e. mH > 3/2. In order to im-
pose that this solution matches in the UV domain with
0 2 4 6 8
0
2
4
6
8
mH
 Ν¤
Figure 2. Dependence of the modulus of ν on mH . In the range
where the line is blue and continuous ν is real, then ν turns to be
pure imaginary in the red dashed line range. For mH = 0 ⇒ ν =
3/2, if mH increases ν decreases until zero when mH = 3/2. Then
ν turns out to be purely imaginary increasing in modulus when
mH increases. For mH ≫ 1, ν ≈ imH (for instance, for mH = 5
their absolute difference is less than 5%).
a plane wave (e−ikη/
√
2k), which are the expected solu-
tions in flat space-time, the coefficients c1(k) and c2(k)
must be
c1(k) =
1
(2π)3/2
√
π
2
ei(ν+
1
2 )
pi
2 c2(k) = 0 , (32)
where the behavior of the Hankel functions for real values
of the argument tending to infinity has been taken into
account.1 The choice of the particular coefficients (32) is
equivalent to a choice of the vacuum state [11, 12]. Thus,
the solution of (28) we will focus on may be recast into
ψk(η) = − 1
(2π)3/2
Θν
√
k η h
(1)
ν−1/2(−kη) (33)
where h
(1)
ν−1/2(x) is the spherical Hankel function of the
first order
h(1)n (x) =
√
π
2x
H
(1)
n+1/2(x) , (34)
and in order to simplify the notation we have defined
Θν =
1√
2
ei(ν+
1
2 )
pi
2 . (35)
1 The asymptotic behavior of the Hankel functions is
H
(1)
ν (x) ∼
√
2
pix
ei(x−
νpi
2
−
pi
4
)
H
(2)
ν (x) ∼
√
2
pix
e−i(x−
νpi
2
−
pi
4
) .
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To express the solution in terms of spherical Hankel func-
tions simplifies the calculations. The spherical Hankel
functions of integer order are polynomials in 1/x mul-
tiplied by a phase eix, which in fact gives straightfor-
ward expressions when ν takes half-integer values. For
instance, when ν = 3/2 (m = 0) we obtain
ψm=0k (η) =
1
(2π)3/2
√
k
2
η h
(1)
1 (−kη) . (36)
Since
h
(1)
1 (x) = −
(
1
x
+
i
x2
)
eix , (37)
we get
ψm=0k (η) =
1
(2π)3/2
1√
2k
(
1− i
kη
)
e−ikη (38)
which is in accordance with (24).
Therefore, the mode functions φk (15) of the field are
φk(η) =
1
(2π)3/2
Θν H
√
k η2 h
(1)
ν−1/2(−kη) , (39)
where we have used the expression for the scale factor in
a de Sitter stage (21). Since there is no risk of confusion,
from now on the Hankel functions H
(1)
ν and h
(1)
ν−1/2 will
be denoted as Hν and hν−1/2 respectively.
Energy density and pressure
The energy density ρdS and pressure pdS of a massive
scalar field in a de Sitter stage is calculated from the
expressions
ρdS =
H2η2
2
∫
d3k
(|φ′k|2 + k2|φk|2 +m2|φk|2)
(40)
pdS =
H2η2
2
∫
d3k
(
|φ′k|2 −
k2
3
|φk|2 −m2|φk|2
)
.
The exact analytical expressions are presented in the Ap-
pendix. Let us recall that depending on which term or
pair of terms dominates different values for w are ex-
pected, in particular 1,−1/3,−1, 1/3, 0 and −2/3.
Massive scalar field with mH =
√
2
There is a particular simple case when ν = 1/2, i.e.
whenmH =
√
2. In this case, the equation for ψk reduces
to that associated with a massless field in a flat space-
time
ψ′′k + k
2 ψk = 0 . (41)
Thus, the general Bessel equation (28) has the simple
plane wave solution
ψk(η) =
1
(2π)3/2
1√
2k
e−ikη , (42)
where we have already imposed the standard normaliza-
tion in flat space-time. The energy density ρ
ν=1/2
dS and
pressure p
ν=1/2
dS can be computed by using Eq. (40) and
by taking into account the relation (15) between φk and
ψk. In this case, the result can be written in a simple
form
ρ
ν=1/2
dS,ren =
H4
8π2
∫ ΛR
0
dk
(
2 k3 η4 + 3k η2
)
(43)
p
ν=1/2
dS,ren =
H4
8π2
∫ ΛR
0
dk
(
2
3
k3 η4 − k η2
)
. (44)
As it happens for the massless case, the energy density
has two simple contributions: one behaves as radiation
and it is proportional to η4, whereas the other one is
proportional to η2.
The reason for this massless behavior for this particu-
lar mass is easy to understand. In a de Sitter space-time
a minimally coupled scalar field with mass mH obeys the
same equation that a conformal coupled field with mass
m2H,conformal = m
2
H − 2. The two different couplings are
accounted for by a redefinition of the field mass. There-
fore, mH =
√
2 corresponds to the massless conformal
field.
IV. UV REGIME
It is interesting to study the behavior of the energy
density (A.1) in the limit ΛR ≫ ma. In this case, the
energy density is dominated by the large k Fourier modes
(UV domain). This may easily be done by using the
asymptotic expansion for the spherical Hankel functions.
We state the results
ρUVdS,ren ≃
H4
8π2
∫ ΛR
0
dk
(
2 k3 η4 +
(
1 +m2H
)
k η2 − m
2
H
(
m2H − 2
)
4 k
)
(45)
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pUVdS,ren ≃
H4
8π2
∫ ΛR
0
dk
(
2
3
k3 η4 −
(
1 +m2H
)
3
k η2 +
m2H
(
m2H − 2
)
4 k
)
, (46)
where in these expressions only the asymptotically large
contributions (power-law and logarithmic in ΛR) in the
UV are retained. Notice that these are the kind of terms
usually considered in the literature when studying con-
tributions to the zero-point energy. Therefore, in the UV
domain the energy density has three contributions that
evolve in time like radiation ∝ η4, ∝ η2 and a cosmo-
logical constant. Furthermore, it is readily seen from the
pressure expression that these terms obey equations of
state with wη4 = 1/3, wη2 = −1/3 and wη0 = −1 respec-
tively. It is to be noted that again the evolution in time
fits with the corresponding equation of state, which im-
plies that the renormalized energy-momentum tensor is
conserved. Hence, the vacuum energy density of a mas-
sive scalar field in the UV behaves as a radiation fluid, a
w = −1/3 fluid and a cosmological constant. Notice that
any of these contributions could be removed by choosing
appropriate counterterms as discussed in the Introduc-
tion.
The radiation term does not depend on the mass while
the other ones increase in absolute value as the mass
increases. It is seen that for a massless field mH = 0
or a massless conformal field mH =
√
2 the cosmological
constant contribution vanishes. This result for a massless
field is also obtained using a dimensional regularization
scheme [14] in a flat space-time. However, the second
case is a proper feature of the curved space-time we are
considering, where the minimal and conformal couplings
differ by a redefinition of the field mass. The term that
evolves as η2 does not vanish for any physical value of
mH .
V. IR REGIME
As time evolves, the UV condition ΛR ≫ ma would
be violated and the approximation used in the previous
section would no longer be valid. Thus, at sufficiently
late times (or for large enough masses) we are in the IR
regime ΛR ≪ ma. For the leading contribution with
k2 ≪ −ν2/η2, we obtain from the equation of motion
(28)
ψ′′k +
m2H
η2
ψk = 0 , (47)
whose solution can be written as
ψk(η) =
c1(k)√
2ma
e
−imH
∫
η dη′
η′ +
c2(k)√
2ma
e
imH
∫
η dη′
η′ .(48)
Thus, the positive frequency solution with the correct
normalization reads
ψk(η) =
1
(2π)3/2
√
2ma
e
−imH
∫
η dη′
η′ (49)
and the corresponding renormalized energy density and
pressure read to leading order
ρIRdS,ren ≃
∫
d3k
2(2π)3a4
ma =
H4
4π2
∫ ΛR
0
dk mHk
2η3
pIRdS,ren ≃ 0 . (50)
Thus, we see that the leading contribution of the vacuum
energy in the IR regime corresponds to nonrelativistic
matter which scales as ρ ∝ a−3 and the corresponding
equation of state is indeed w = 0 to this order. Notice
that because of the growth of a(η), we will have ΛR ≪ ma
at some future time for any cutoff ΛR; i.e. the matter
behavior will be a generic prediction at late times. Notice
also, that this matter contribution was not present in
the UV regime, so that we expect it to be a genuine IR
effect not affected by the way in which the UV modes are
regularized.
As time evolves, we expect a transition in the equa-
tion of state of vacuum energy from radiation when UV
modes dominate at early times, to a matter domination
when the IR modes dominate at late times. In order to
explicitly explore this behavior we have evaluated numer-
ically the equation of state parameter w as a function of
time.
In Fig. 3, w for a massive scalar field in a de Sitter
universe is depicted as a function of the conformal time
η and the renormalization cutoff ΛR for several values of
the mass mH of the field (0 < mH < 100). It is found
that when η tends to zero (or for a low cutoff), a matter
behavior is found which spreads in time (or in momentum
space) for bigger masses in accordance with the physical
interpretations (bigger mass implies a bigger matter con-
tribution to the energy-momentum tensor). This matter
behavior is present in the IR region since it is not ob-
served in the asymptotic expansion (45) and (46).
Oscillations of w are observed for a field mass mH = 2
in Fig. 3. A more detailed analysis of the range of masses
1.9 < mH < 2.75 is shown in Fig. 4. These oscillations
are present in this range of masses and they damp as the
mass increases, being negligible for mH > 3.
For a fixed time η and renormalization cutoff ΛR, there
is a transition for increasing values of the mass from the
massless case, when the w = −1/3 term dominates, pass-
ing through a cosmological constant phase for low masses
until the dust dominated case w = 0 for high masses. We
depicted in Fig. 5 the equation of state parameter w when
−ηΛR = 0.1 for several values of the field mass in the
range 0 < mH < 2.2. Let us recall that when mH =
√
2
the cosmological constant term disappears in the UV do-
main as deduced from the exact solution for this case (43)
and (44), and from the asymptotic expansion for the en-
ergy density (45) and pressure (46). When mH = 0 we
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0
1
3
-ΗLR
w
Figure 3. Evolution of the equation of state parameter w in
terms of the conformal time η and the renormalization cutoff
ΛR for several values of the field mass mH (from top to bot-
tom mH = 2, 3.5, 5, 7, 10, 14, 20, 27, 35, 50, 70, 100) (in linear-linear
scale). For past times (or high cutoff) the dominant contribution is
the radiation one w = 1/3. As the time goes by (or for low cutoff),
a matter behavior w = 0 appears. Moreover, when the mass of
the field increases the behavior as matter spreads in time (or in
momentum space).
0.05 0.1 0.5 1 2
0.04
0.02
0
-0.02
-0.04
-ΗLR
w
Figure 4. Oscillations observed in the evolution of the equation of
state parameter w for field masses mH in the range 1.9 < mH <
2.75 (from blue to red lines mH = 1.9, 1.95, 2, 2.1, 2.25, 2.5, 2.75).
The plot is in linear-log scale.
must recover w = −1/3 in the future. From the previ-
ous figure it does not seem so. However, if we perform a
finer calculation near zero masses we obtain the results
depicted in Fig. 6 where the w = −1/3 behavior of a
massless field smoothly changes to w = −1.
VI. ARBITRARY ROBERTSON-WALKER
GEOMETRIES
In the previous sections, we found that the vacuum
energy of sufficiently heavy fields in a de Sitter back-
ground behaves as nonrelativistic matter at late times.
0.1 0.5 1 3
2
2
-
1
3
-1
1
3
2
0
mH
w
Figure 5. Linear-scale plot of the equation of state parameter w
when −ηΛR = 0.1 for field masses in the range 0 < mH < 2.2. For
small masses the dominant contribution is a cosmological constant,
and then as the mass increases w tends to zero. When mH =
√
2,
the cosmological constant contribution vanishes as it is seen in the
exact solution (43) and (44), as well as in the UV approximation
(45) and (46).
0.0001 0.001 0.01 0.1 1 2
-
1
3
-1
0
1
3
mH
w
Figure 6. Linear-log scale plot of the equation of state parameter
w when −ηΛR = 0.1 for field masses in the range 3×10−5 < mH <
2.2. The dominant contribution of the massless case (w = −1/3)
is smoothly recovered as we reduce the mass of the field.
In the following we generalize this result for arbitrary
Robertson-Walker backgrounds.
Considering the case ma≫ ΛR and assuming m≫ H
at late times (as is indeed the case for Standard Model
particle masses), Eq. (16) is reduced to
ψ′′k +m
2a2ψk = 0 . (51)
Hence, in this limit the following approximated solution
can be obtained by the WKB method
φk(η) =
c1(k)√
2ma3
exp
(
−im
∫
a dη
)
+
c2(k)√
2ma3
exp
(
im
∫
a dη
)
. (52)
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Notice that in this limit all the k modes evolve in time
in the same way. Therefore, if we consider the positive
frequency solution and normalize it according to (66)
[c1 = 1/(2π)
3/2, c2 = 0], we can calculate the energy
density and pressure from Eqs. (19) and (20)
ρren =
1
8π2
∫ ΛR
0
dk k2
(
2m
a3
+
9H2
4ma3
+
k2
ma5
)
(53)
pren =
1
8π2
∫ ΛR
0
dk k2
(
9H2
4ma3
− k
2
3ma5
)
. (54)
Thus, in this limit we recover
w =
pren
ρren
≈ 0 ; (55)
i.e. the matter behavior holds for any general Robertson-
Walker background for sufficiently heavy fields. Finally,
the energy density in terms of the comoving cutoff is
ρren =
1
12π2
m
a3
Λ3R =
1
12π2
mΛ3P (56)
where we have only retained the dominant term and we
have defined the time-dependent physical cutoff ΛP =
ΛRa
−1. As it happens in other areas of physics, the cut-
off value can be constrained observationally. As we have
discussed in the Introduction, the amount of energy cor-
responding to the vacuum of this field cannot exceed the
total amount of energy of the Universe in its different
stages. In order to write the constraint on the physical
cutoff ΛP , it is interesting to compare (56) with the total
radiation energy density at a given temperature T :
ρR =
π2
30
g∗(T ) T
4, (57)
where g∗(T ) are the energetic effective number of rela-
tivistic degrees of freedom. Therefore, the radiation dom-
inated epoch imposes the following limit at a particular
temperature T
ΛP . 1.46× 10−3 T(
T
3 eV
)1/3 ( m
125GeV
)−1/3 ( g∗
3.36
)1/3
, (58)
where we have used reference values consistent with the
scalar resonance (compatible with the Higgs field) mea-
sured at the LHC: m ≃ 125GeV, and typical values of
matter radiation equality: T ≃ 3 eV and g∗ ≃ 3.36. It is
easy to understand that the strongest bound is achieved
at the end of the radiation dominated stage. At this
point, the constraint coincides (approximately) with the
one that determines the matter dominated universe,
ΛP . 0.89× 10−3 T
( m
125GeV
)−1/3
. (59)
Note that if the physical cutoff saturates the above in-
equality, the observed dark matter content of the Uni-
verse could be explained as the vacuum energy corre-
sponding to a particular scalar field.
The required physical cutoff is a few orders of mag-
nitude smaller than the radiation temperature at any
time. As commented before, such low momentum cut-
offs appear naturally in the context of the holographic
entropy bounds to the number of quantum states of the
gravitating system [20, 21].
VII. THE SPEED OF SOUND OF VACUUM
ENERGY
In the previous sections we have shown that a contri-
bution that behaves as nonrelativistic matter is present
in the renormalized vacuum energy-momentum tensor.
Since this matter contribution comes from the zero-point
energy it is stable and in principle could play the role of
cold dark matter. However in order to determine whether
this contribution can actually play such a role, it is nec-
essary to study the behavior of the density perturbations
of the vacuum energy. A viable cold dark matter fluid
should be able to allow the growth of structures, and
this requires that for sub-Hubble scales the correspond-
ing speed of sound satisfies cs ≪ 1.
Let us then consider scalar perturbations around the
flat Robertson-Walker background. We will work in the
longitudinal gauge, for which the perturbed metric reads
ds2 = a2(η)
{
[1 + 2Φ(η,x)] dη2 − [1− 2Ψ(η,x)] dx2} .
(60)
The scalar field can also be expanded around the unper-
turbed solution as
φ(η,x) = φ0(η,x) + δφ(η,x) (61)
where φ0 satisfies
φ′′0 + 2φ
′
0H−∇2φ0 +m2a2φ0 = 0 (62)
and the total field can be shown to satisfy up to first
order in perturbations
φ′′ + (2H− Φ′ − 3Ψ′)φ′ − (1 + 2(Φ + Ψ))∇2φ
−∇φ ·∇(Φ−Ψ) +m2a2(1 + 2Φ)φ = 0 . (63)
In order to quantize the perturbed field, we will look
for a complete orthonormal set of solutions of the above
equation. For that purpose, we will try a WKB ansatz
for the solutions in the form
φk(η,x) = fk(η,x) e
iθk(η,x) , (64)
where fk(η,x) is a slowly evolving function of η and x,
whereas θk(η,x) is a rapidly evolving phase. Notice that
such an approximation would work in the IR regime in
which ma is larger than any other scale in the problem.
These mode solutions should be orthonormal with re-
spect to the scalar product
(φp, φq) = (65)
− i
∫
Σ
[
φp(x)∂µφ
∗
q(x)− (∂µφp(x))φ∗q(x)
]√
gΣdΣ
µ
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where dΣµ = nµdΣ with nµ a unit temporal vector di-
rected to the future and orthogonal to the η = const
hypersurface Σ, i.e.
dΣµ = d3x
(
1− Φ
a
, 0, 0, 0
)
(66)
and
√
gΣ = a
3(1 − 3Ψ) (67)
to first order in perturbations. Thus we have
(φp, φq) = δ
(3)(p− q) (68)
so that we can quantize
φ(η,x) =
∫
d3k
(
akφk(η,x) + a
†
kφ
∗
k(η,x)
)
(69)
in such a way that the corresponding creation and anni-
hilation operators satisfy the usual commutation relation
[ap, a
†
q] = δ
(3)(p− q) . (70)
The positive frequency solutions of the unperturbed
equation with momentum k can be written as
φ
(0)
k (η,x) = Fk(η)e
(ik·x−i
∫
η ω(η′)dη′) (71)
so that we can expand the perturbed fields as
fk(η,x) = Fk(η) + δfk(η,x)
θk(η,x) = −
∫ η
ω(η′) dη′ + k · x+ δθk(η,x) (72)
and substituting in (63), we get to the leading O(θ2)
order in the WKB expansion
− θ′2k + (∇θk)2(1 + 2(Φ + Ψ)) +m2a2(1 + 2Φ) = 0 .
(73)
We now expand this equation in metric perturbations so
that to the lowest order we get
ω2 = k2 +m2a2 (74)
and to the first order in perturbations
2ω δθ′k + 2k
2(Φ + Ψ) + 2k ·∇δθk + 2m2a2Φ = 0 .(75)
The next term O(θ) of (63) in the WKB expansion reads
2f ′kθ
′
k + fkθ
′′
k + fkθ
′
k(2H− Φ′ − 3Ψ′)
− 2∇fk ·∇θk − fk∇2θk = 0 (76)
which can be expanded in turn in metric perturbations,
so that to the lowest order we get
− 2F ′kω − Fkω′ − 2FkHω = 0 (77)
whose solution implies that
Fk(η) =
C
a
√
2ω
(78)
with C = (2π)−3/2 the normalization constant. To first
order in metric perturbations we get
− 2ωδf ′k + 2F ′kδθ′k + Fkδθ′′k − ω′δfk
− 2ωHδfk + ωFkΦ′ + 3ωFkΨ′ + 2FkHδθ′k
− 2k ·∇δfk − Fk∇2δθk = 0 . (79)
In order to solve the perturbed equations (75) and (79),
notice that according to the previous discussion, we are
interested in the case in which m2a2 ≫ k2. Thus neglect-
ing terms O(k/(ma)) we can obtain from (75)
δθ′k ≃ −maΦ ≃ −ωΦ . (80)
Using this result and (77), we can rewrite (79) as
1
a
√
w
(a
√
wδfk)
′ =
3
2
FkΨ
′ − Fk
2ω
∇2δθk − k ·∇δfk
ω
.
(81)
However, in the limit ω ≫ k we can neglect the last term,
so that finally we get using (78)
δfk =
3Fk
2
Ψ +
Fk
2
∇2
∫ (
1
ω
∫
ωΦdη
)
dη . (82)
We see that these solutions satisfy the normalization con-
dition (68).
On the other hand, the energy-momentum reads
T µν = −δµν
(
1
2
gρσ∂ρφ∂σφ− V (φ)
)
+ gµρ∂ρφ∂νφ .
(83)
Thus to first order in perturbations we get
ρ= 〈0|T 00|0〉 = (84)∫
d3k
2a2
(
(1− 2Φ)|φ′k|2 + (1 + 2Ψ)|∇φk|2 +m2a2|φk|2
)
p= −〈0|T ii|0〉 = (85)∫
d3k
2a2
(
(1− 2Φ)|φ′k|2 −
(1 + 2Ψ)
3
|∇φk|2 −m2a2|φk|2
)
.
Thus the first term in the energy density reads
1
2a2
(1− 2Φ)|φ′k|2 =
1
2a2
F 2kω
2 + Fkm
2δfk , (86)
the second term is negligible in the limit ω ≫ k, i.e.
|∇φk|2 ≪ a−2|φ′k|2, so that we can ignore it, and the
last term reads
1
2
m2|φk|2 = 1
2
m2F 2k + Fkm
2δfk . (87)
Thus, adding together the contributions we see that
to lowest order in perturbations we recover the results
derived in previous sections,
ρ(0) =
∫
d3k
(2π)3a4
1
2
ω =
∫ ΛR
0
dk
(2π)2a3
mk2 (88)
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whereas for the perturbation we get
δρ =
∫
d3k 2m2Fkδfk
=
∫ ΛR
0
dk
2π2a3
k2m
(
3
2
Ψ +
1
2
∇2
∫ (
1
a
∫
aΦdη
)
dη
)
,
(89)
and to first order in perturbations, we see that the con-
tributions for the pressure from the kinetic (86) and po-
tential (87) terms cancel each other so that
δp = 0 . (90)
Thus, for the corresponding speed of sound we get
c2s =
δp
δρ
= 0 . (91)
Notice that the T ij components with i 6= j are
T ij = −a−2(1 + 2Ψ)∂iφ∂jφ (92)
which can be neglected when compared to T 00 since as
commented before if ma ≫ k, it is possible to neglect
the spatial derivatives of the field φ as compared to the
temporal ones. For this reason, using Einstein equations
the anisotropic stress vanishes, i.e. Φ = Ψ.
In the matter dominated era, for a fluid with c2s = 0,
we expect Φ = Ψ = const both on sub-Hubble and super-
Hubble scales, and δρ/ρ ∝ a. Notice that this is indeed
what the solution of (89) for δρ predicts since in that case
δρ =
∫ ΛR
0
dk
2π2a3
k2m
(
3
2
Ψ +
1
12
∇2Φη2
)
∝ a−2 (93)
where we have made use of the fact that for sub-Hubble
modes ∇2Φ η2 ≫ Φ so that the second term dominates.
Thus we see that not only at the background level does
the vacuum energy behave as nonrelativistic matter, but
also density perturbations have negligible speed of sound
on sub-Hubble scales, which implies the quite unexpected
result that structures could be formed out of the vacuum.
From the density perturbation and the total density we
obtain the following result for the density contrast:
δρ
ρ(0)
= 3Ψ+∇2
∫ (
1
a
∫
aΦdη
)
dη (94)
which is cutoff independent and valid for any scale. As a
matter of fact, it agrees with the standard result for hy-
drodynamical fluids [25]. From these results we see that,
as in standard cold dark matter scenarios, the growth of
structures is suppressed during the radiation dominated
era and the density contrast can only start to grow in the
matter era.
VIII. CONCLUSIONS
In this work we have explored the possibility of defin-
ing the renormalized vacuum energy-momentum tensor
for massive fields in an expanding universe by means of a
constant comoving momentum cutoff. Although we have
illustrated this idea with scalar fields, the results would
hold for any massive bosonic or fermionic degree of free-
dom.
We have shown that this regularization procedure al-
lows one to obtain a covariantly conserved renormalized
energy-momentum tensor without the need of introduc-
ing noncovariant counterterms. The behavior of the vac-
uum energy is then shown to depend on the relative size
of the comoving mass of field (am) with respect to the
cutoff. For large cutoffs, the UV modes dominate and
the vacuum energy has the different contributions which
have already been discussed in the literature [12]. In the
case of low cutoffs (large masses) or late times, the IR
modes dominate and the vacuum energy behaves as non-
relativistic matter. This result holds in any Robertson-
Walker background and seems to be independent of the
UV behavior. Moreover, vacuum energy density pertur-
bations in this regime are shown to have a low speed of
sound which implies that large scale structures could be
seeded by vacuum energy fluctuations.
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Appendix: Exact expressions for the energy density and pressure
For reference, we present in this appendix the exact expressions calculated for the energy density and pressure of
a massive scalar field in a de Sitter space-time.
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Energy density
By straightforward calculation from (40) and using (39), the energy density of a massive scalar field in a de Sitter
stage is
ρdS =
1
2a2
∫
d3k
(|φ′k|2 + k2|φk|2 +m2a2|φk|2)
= |Θν |2 H
4
2
∫
d3k
(2π)3
kη4
{(∣∣∣∣−ν + 32
∣∣∣∣
2
+
9
4
− ν2
)
|hν−1/2|2 + k2η2
(|hν−1/2|2 + |hν−3/2|2)
−2 k ηRe
[(
−ν + 3
2
)
hν−1/2 h
∗
ν−3/2
]}
, (A.1)
where we have omitted the argument −kη of the Hankel functions and the mass has been replaced using (29).
In the case mH < 3/2, the last expression can be simplified to yield
ρ
mH<3/2
dS =
H4
4
∫
d3k
(2π)3
k η4
[(
9
2
− 3ν
)
|hν−1/2|2 + k2η2
(|hν−1/2|2 + |hν−3/2|2)
−2 k η
(
−ν + 3
2
)
Re
(
hν−1/2 h
∗
ν−3/2
)]
. (A.2)
It can easily be verified that if we put ν = 3/2 (m = 0) in the above expression, we obtain the same result for the
energy density of a massless field (26).
When mH > 3/2, the energy density results
ρ
mH>3/2
dS = e
−piµ H
4
4
∫
d3k
(2π)3
k η4
{(
9
2
+ 2µ2
)
|hiµ−1/2|2 + k2η2
(|hiµ−1/2|2 + |hiµ−3/2|2)
−2 k ηRe
[(
−iµ+ 3
2
)
hiµ−1/2 h
∗
iµ−3/2
]}
, (A.3)
where we have introduced µ = Im(ν) = −iν. The exponential damping factor e−piµ is not relevant since it cancels
with a factor epiµ coming from the spherical Hankel functions.
Pressure
By the same procedure, the pressure of a massive scalar field in a de Sitter stage is given by
pdS =
1
2a2
∫
d3k
(
|φ′k|2 −
1
3
k2|φk|2 −m2a2|φk|2
)
= |Θν |2 H
4
2
∫
d3k
(2π)3
k η4
{(∣∣∣∣−ν + 32
∣∣∣∣
2
− 9
4
+ ν2
)
|hν−1/2|2 + k2η2
(
−1
3
|hν−1/2|2 + |hν−3/2|2
)
−2 k ηRe
[(
−ν + 3
2
)
hν−1/2 h
∗
ν−3/2
]}
, (A.4)
where again we have omitted the argument −kη of the Hankel functions and the mass has been replaced using (29).
When mH < 3/2, the above expression results in
p
mH<3/2
dS =
H4
4
∫
d3k
(2π)3
k η4
[
ν (2ν − 3) |hν−1/2|2 + k2η2
(
−1
3
|hν−1/2|2 + |hν−3/2|2
)
−2 k η
(
−ν + 3
2
)
Re
(
hν−1/2 h
∗
ν−3/2
)]
. (A.5)
12
In the case mH > 3/2, the pressure is
p
m>3/2
dS = e
−piµ H
4
4
∫
d3k
(2π)3
k η4
{
k2η2
(
−1
3
|hiµ−1/2|2 + |hiµ−3/2|2
)
−2 k ηRe
[(
−iµ+ 3
2
)
hiµ−1/2 h
∗
iµ−3/2
]}
. (A.6)
Again, the exponential factor cancels out when multiplied by the square modulus of the spherical Hankel functions.
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